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Scaling of the Local Convective Heat Flux in Turbulent Rayleigh-Bénard Convection
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Local convective heat flux J(r) in turbulent thermal convection is obtained from simultaneous velocity
and temperature measurements in a cylindrical cell filled with water. The measured J(r) in the bulk region
shows a different scaling behavior with varying Rayleigh numbers compared with that measured in the
plume-dominated regions near the sidewall and near the lower conducting plate. The local transport
measurements thus allow us to disentangle boundary and bulk contributions to the total heat flux and
directly check their respective scaling behavior against the theoretical predictions.
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Turbulent convection in a fluid layer confined between
two horizontal plates of separation H and heated from
below (Rayleigh-Bénard convection) has become an im-
portant platform to study a number of important phe-
nomena of general interest in nonequilibrium physics
[1,2]. These include the scaling of global heat transport,
the dynamics of viscous and thermal boundary layers, and
the interaction between a large-scale circulation (LSC) of
the bulk fluid and small-scale fluctuations generated by
thermal plumes. An important issue that has been under
intensive experimental and theoretical scrutiny in recent
years is to understand how the normalized total heat flux,
which is called the Nusselt number Nu(Ra, Pr), changes
with two experimental control parameters: the Rayleigh
number Ra and the Prandtl number Pr [3]. Recent heat
transport measurements [4] have indicated that the func-
tional form of the measured Nu(Ra, Pr) is perhaps more
complicated than simple power laws of Ra and Pr, as was
originally proposed [1,2].

The theory of Grossmann and Lohse (GL) [2,5] explains
this phenomenon by a decomposition of the thermal dis-
sipation field e7(r) and viscous dissipation field €,(r) into
two parts. In one scenario [2], €7(r) and €,(r) are decom-
posed into the boundary-layer and bulk contributions,
which have different scaling behavior with varying Ra
and Pr. As a result, the total heat flux measured across
the entire cell contains both the boundary and bulk con-
tributions, and thus Nu(Ra, Pr) is described by a sum of two
different power laws.

Early theories [1,2] assumed that when Ra becomes very
large, the bulk contribution will become dominant over the
boundary-layer contribution. In this case, Nu(Ra, Pr) can
be described by a simple power law of Ra and Pr. For
example, Kraichnan [6] predicted an asymptotic scaling
law Nu ~ (RaPr)!/2, which states that the convective heat
flux is independent of » and . The GL theory also gave the
same scaling when both the thermal and viscous dissipa-
tions are bulk-dominated. While considerable experimen-
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tal efforts have been made, this ultimate state of thermal
convection still remains elusive [7]. This is caused partially
by the fact that the boundaries are very important in this
system, even when Ra becomes very large. After all, the
convective flow is driven by instabilities of the upper and
lower thermal boundary layers. Recent experiment [8] and
numerical simulations [9] showed that the ratio of the
boundary contribution of e,(r) to the corresponding bulk
contribution is an increasing rather than a decreasing func-
tion of Ra, as was commonly believed. These studies
suggest that the global heat transport measurements will
always be “contaminated” by contributions from the
boundaries.

More recently, GL proposed a second scenario [5] with
€7(r) being decomposed into two different contributions:
thermal plumes (including the boundary layers) and turbu-
lent background. This model gives specific predictions for
the local convective heat flux J(r) as a function of Ra and
Pr. While the above two scenarios involve different physi-
cal pictures about the local dynamics of turbulent convec-
tion, the calculated Nu(Ra, Pr) using the two different
models turns out to be of the same scaling form. This
suggests that, while the GL theory is capable of providing
a correct functional form of Nu(Ra, Pr) for a large number
of global transport measurements [4], the microscopic
mechanism of heat transport and its connection to the local
dynamics still remain elusive.

In this Letter, we report direct measurements of J(r) as a
function of Ra at various locations inside the convection
cell. The measurements at the cell center far away from the
boundaries and those measured near the sidewall and the
lower conducting plate, in which the flow field is inevitably
influenced by the boundaries, allow us to disentangle
boundary and bulk contributions to the total heat flux and
have a critical test of different theories. In the experiment,
the local velocity v(r, r) and temperature T(r, f) are mea-
sured simultaneously, from which we obtain the normal-
ized local convective heat flux
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where 8T(r, 1) = T(r, t) — T, is the local temperature de-
viation from the mean temperature 7, of the bulk fluid and
(...); represents an average over time z.

The experiment is conducted in an upright cylindrical
cell filled with water. The inner diameter of the cell is D =
19.0 cm, and the height is H = 19.6 cm. So its aspect ratio
isI' = D/H = 1. The upper and lower plates are made of
1-cm-thick copper, and the sidewall is a Plexiglas tube. The
entire cell is placed inside a thermostat box whose tem-
perature matches the mean temperature 7, of the bulk fluid,
which is kept at ~40 °C. The corresponding value of Pr is
4.4. Local velocity measurements are conducted by using a
laser Doppler velocimetry system together with an argon-
ion laser. Simultaneous temperature measurements are
carried out by using a small movable thermistor of
0.2 mm diameter and 15 ms time constant. The mean
sampling rate of the velocity measurements is ~25 Hz,
and that of the temperature measurements is 64 Hz. Typi-
cally, we take a 20 h or longer time record (>2 X 10° data
points) at each location, ensuring that the statistical aver-
aging is adequate. Other details about the convection cell
and heat flux measurements can be found elsewhere
[10,11].

In a recent experiment [11], we measured the spatial
distribution of J(r) at a fixed Ra along a cell diameter (x
axis) at the midheight of the cell and along the central
vertical axis (z axis) of the cell; both are in the circulation
plane of the LSC. It was found that the heat flux across the
midheight plane of the cell is predominately in the vertical
direction. The vertical heat flux J_(x) concentrates in the
plume-dominated sidewall region where the vertical veloc-
ity v, reaches maximum [12]. The measured J(r) along the
z axis is dominated by the horizontal flux J,(z) along the
direction of the LSC. The measured J,(z) peaks at a
location close to the edge of the thermal boundary layer.
These measurements revealed that heat transport in turbu-
lent convection is carried out mainly by thermal plumes.
While the LSC provides a fast channel along the cell
periphery for the transport of heat, the central region also
carries heat away considerably. It is found that the bulk
contribution accounts for ~17% of the total heat flux at
Ra = 3.6 X 10° and that this percentage increases gradu-
ally with Ra.

With this spatial distribution of J(r), we now discuss the
Ra dependence of J(r) at three representative locations in
the cell: at the cell center, where the flow is approximately
homogeneous, and near the sidewall and the center of the
lower conducting surface, where the local flow is deter-
mined mainly by the LSC. Figure 1(a) shows the measured
J, at the cell center as a function of Ra. The data are well
described by a power law J, = 3.5 X 1074Ra®, with g =
0.49 = 0.03 (solid line). This result agrees well with the
GL theory for bulk-dominated dissipations [2] (same as the
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FIG. 1. (a) Measured J, at the cell center (circles) as a function

of Ra. The solid line is a power-law fit J. = 3.5 X 107*Ra®¥.
(b) Measured J, near the sidewall (squares) and J, near the lower
conducting plate (triangles) as a function of Ra. The solid lines
are the power-law fits J, = 1.5Ra%?* (top) and J, = 0.4Ra*?}
(bottom).

Kraichnan scaling [6]) and with the recent simulation
results without boundary [13].

Figure 1(b) shows the Ra dependence of the measured J,
near the sidewall (squares) and J, near the lower conduct-
ing plate (triangles). Because of the continuous evolution
of the circulation path of the LSC, from a tilted and nearly
elliptical shape at small Ra to a more squarish shape (filling
out the container) at large Ra [12,14], the measurements at
these two locations are conducted at a variable location (for
different Ra), at which a maximal heat flux is located. The
measured J, near the sidewall is well described by the
power law J. = 1.5Ra? (upper solid line), with 8 =
0.24 £ 0.03. Near the lower conducting plate, we find a
similar power law J, = 0.4Ra? (lower solid line), with
B =0.28 £0.03. The two power-law fits give approxi-
mately the same exponent and differ only in amplitude
by a factor of ~2.

In the second scenario of the GL theory [5], the role
played by thermal plumes in determining the volume-
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averaged thermal dissipation rate is considered explicitly.
The new theory predicts that the local convective heat flux
at the cell center has an effective power law J, ~ Ra#, with
B = 0.44 for Pr = 5.5. Near the sidewall, the GL theory
gives J. ~ Ra®, with 8 = 0.22 for all Pr. The experimental
results shown in Fig. 1 thus are in good agreement with
these predictions. It has been shown that, in the Ra range
studied here, much of the heat is transported through the
sidewall region [11]. From the fitted power laws for J, at
the cell center and near the sidewall, we find that the two
curves intersect at Ra, =~ 9 X 1013, above which heat will
be transported primarily through the central region. This
finding may have important implications to large-scale
astrophysical or geophysical convection, such as that in
the atmosphere and oceans in which Ra can reach as high
as 10" [15].

To further understand the scaling results of the local heat
flux, we show in Fig. 2 the Ra dependence of the character-
istic local velocity v and the temperature standard devia-

tion o = ([T(r, 1) — To]z),l/ 2 at the cell center (circles),
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FIG. 2. (a) Measured Re at the cell center (circles), near the

sidewall (squares), and near the lower conducting plate (tri-
angles) as a function of Ra. The solid lines are the power-law
fits. (b) Measured o /AT at the cell center (circles), near the
sidewall (squares), and near the lower conducting plate (tri-
angles) as a function of Ra. The solid lines are the power-law fits.

near the sidewall (squares), and near the lower conducting
plate (triangles). Figure 2(a) shows the Reynolds number
Re = vH/v (normalized v) as a function of Ra. At the cell
center, the mean velocity is zero, and we take v = v,
where v, is the rms value of the local vertical velocity.
Near the sidewall, we take v = U, where ¥ is the mean
vertical velocity, which is approximately twice larger than
Ums at this location [12]. Near the lower conducting plate,
we use the mean horizontal velocity as v. The measured Re
at the three locations can all be described by a power law
Re = ARa” (solid lines). The fitted values of A and 7y are
given in Table L.

The values of y shown in Table I agree well with those
obtained previously [12,14,16] and are close to the classi-
cal value of 1/2 for the free-fall velocity [17]. The mea-
sured vy near the sidewall shows a small deviation from
1/2, which is caused by a continuous evolution of the
circulation path of the LSC [14]. The measured y near
the lower conducting plate has relatively larger uncertain-
ties (=20.04), because (i) the Ra range is smaller and (ii) the
time record of the data is also shorter (6 h instead of
>20 h).

Figure 2(b) shows the normalized /AT as a function of
Ra. Similar to Re, the measured o/AT at the three loca-
tions can also be fit to a power law o/AT = ARa?’ (solid
lines), and the fitted values of A and 6 are given in Table 1.
The value of & at the cell center agrees well with those
obtained previously [18,19]. The values of & near the
sidewall and the lower conducting plate are new results,
which are approximately the same and are about twice
larger than that at the cell center. Evidently, the scaling
exponent o in the plume-dominated region is larger than
that in the bulk region. Figure 2(b) reveals that the ampli-
tude of temperature fluctuations remains the largest near
the lower conducting plate, becomes smaller near the side-
wall, and is the smallest at the cell center. The measured &

TABLE I. Fitted values of the power-law amplitude A and
exponents for the local convective heat flux J(r), the Reynolds
number Re, the normalized temperature standard deviation
o /AT, and the cross-correlation coefficient Cj.

Quantity A Index  Value (+0.03)
J, (cell center) 3.5%x 1074 B 0.49
J, (sidewall) 1.5 0.24
J, (bottom plate) 0.4 0.28
Re (cell center) 1.7 X 1072 v 0.49
Re (sidewall) 0.11 0.46
Re (bottom plate) 0.13 0.43
o /AT (cell center) 0.30 ) -0.14
o /AT (sidewall) 5.94 —0.24
o /AT (bottom plate) 49.5 —0.28
Cy (cell center) 1.6 X 1072 € 0.14
Cy (sidewall) 0.52 0.02
C, (bottom plate) 1.4 X 1072 0.13
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FIG. 3. Measured Cj, at the cell center (circles), near the side-
wall (squares), and near the lower conducting plate (triangles) as
a function of Ra. The solid lines indicate the power laws: Cy =
0.52Ra%%?  (top), 1.6 X 1072Ra®!* (middle), and 1.4 X
1072Ra%"3 (bottom).

at the cell center is consistent with the predicted value
based on the second scenario of the GL theory [5], but in
the plume-dominated region it is much larger than the
theoretical value predicted for the plume-induced tempera-
ture fluctuations.

To find a relationship among the scaling exponents S, v,
and &, we rewrite Eq. (1) as

o
AT P
where C, = (v(r, 1)8T(r, t)),/(vo) is the normalized
cross-correlation coefficient. In Fig. 3, we plot the directly
measured Cj, at the three locations. The three solid lines are
the calculated Cy (=J(r)/[Re(o/AT) Pr]) using the known
results of J(r), Re, and o/AT. The obtained values of A
and € are given in Table 1. The top and bottom lines fit the
data well, but the measured Cj, at the cell center appears to
saturate at ~0.4 for Ra = 10°, revealing some deviations
from the expected power law.

The measured C, near the sidewall has the largest value
of ~0.8 and does not change much in the Ra range studied
here. This result suggests that the correlation between
v(r, t) and 8T (r, t) has reached a maximal saturation value.
When v(r, ) and 8T (r, ¢) are fully correlated (i.e., when
Cy ~ 1), one may estimate the scaling exponent 3 by using
the individually measured velocity and temperature scal-
ings. For example, near the sidewall we have 8 =y +
6 = 0.22, which is indeed very close to the actually mea-
sured 8 = 0.24 (within the experimental uncertainties).
This may serve as a useful method to determine the scaling
of the local heat flux in systems, where simultaneous
measurement of v(r,7) and 6T(r,f) cannot be easily
made. The local horizontal velocity and temperature fluc-

J(r) = CyRe T, )

tuations near the bottom plate have the smallest correla-
tion, but it increases with Ra as C, ~ Ra®!3. Because C,
changes with Ra, the local flux scaling at the other two
locations needs to be measured directly.
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