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Using the techniques of optical microscopy and particle tracking, we measure the correlated diffusion
in a monolayer of uniform silica spheres dispersed at a water-air interface. It is found that the correlated
motion of the interfacial particles can be well described by two universal response functions, the
normalized longitudinal and transverse diffusion coefficients D||(r/ ro) and D (r/ry), where r is the
interparticle distance and ry = a(Ag/a)*/? is a new scaling length, which depends on both the Saffman
length Ag and particle radius a. The obtained response functions characterize the crossover behavior of the
colloidal monolayers from the subphase-dominated three-dimensional hydrodynamics at low surface
coverage to the monolayer-dominated 2D hydrodynamics at high concentrations. The surface viscosity
77&2) of the colloidal monolayer obtained by two-particle rheology compares well with the one-particle
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measurements.
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Colloidal monolayers suspended at a liquid-liquid (or
liquid-air) interface or near a liquid-solid interface have
attracted much attention in recent years; they have served
as model systems to study a range of interesting problems
of structures and dynamics in two-dimensional soft matter
systems [1]. Examples include 2D crystallization [2,3],
crystal sublimiation [4], and colloidal glasses [5,6], inter-
actions between similarly charged particles [7-10], and
Brownian dynamics at liquid interfaces [11,12]. The
colloid-decorated interfaces also have immense practical
applications ranging from being used as emulsion stabil-
izers [13] to colloidosomes [14] and bijels [15]. In addi-
tion, colloidal particles have also been used as tracer
particles to probe the rheological properties of liquid inter-
faces coated with a monolayer of surfactant, proteins, or
lipids [16—18].

The mobility of the colloidal particles confined to a
molecular monolayer at a liquid-air interface is an impor-
tant quantity that is used to characterize the surface vis-
cosity 7, of the monolayers made of polymers, surfactants,
and various biomolecules, such as proteins and lipids
[11,16-19]. In two-particle rheology [20,21], one follows
the trajectory s’(#) of individual particles i as a function
of time ¢ and computes the correlated motion between
a particle pair i and j via the ensemble averaged
tensor product of the particle displacements, As’,(z, 7) =
skt + 1) — sh(2),

Caﬁ(r) T) = <Asla(tr T)Asé;(t, 7')5[7' - Ri’j(t)]>i¢j: (1)

where a and S represent different coordinates, R*/ (and
thus r) is the center-to-center distance between the particle
pair, 7 is the lag time, and the average is taken over distinct
particle pairs i # j and over time ¢. In particular, C,,
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indicates the correlated motion along the line joining the
center of the two particles, and Cy, is perpendicular to this
line; both are a function of r and 7.

The correlated motion between the particle pairs is
affected by the hydrodynamic interactions (HIs) with
both the liquid subphase of viscosity 77, and the molecular
monolayer having a surface viscosity 7, and thickness &
[19,22]. When the Saffman length [23,24] Ag = n,/7;, >
h (large m, regime), the effect of the liquid subphase is
negligibly small and the HIs are essentially 2D [25,26]. In
this case, C,, is expected to depend logarithmically on r
[23,27]. With deceasing Ag (or 7)), the effect of the liquid
subphase becomes increasingly important and ultimately
for small enough Ag (=h), C,, ~r ! and Cyy ~ r72, as
expected for quasi-3D hydrodynamics [18,28,29]. The
transition from the subphase-dominated 3D behavior to
the membrane-dominated 2D behavior is described by
two universal response functions, the normalized longitu-
dinal and transverse diffusion coefficients Dy(r/Ag) and
D, (r/Ag), where Ag serves as a scaling length and
describes at what extent the system can be determined by
the 2D hydrodynamics [17,22,30].

Can the continuum hydrodynamic theory for molecular
membranes be applied to concentrated colloidal mono-
layers at the liquid interface, in which the 3D many-body
HIs between the particles are involved, but one does not
have a theory at the moment to estimate how important
they are? Unlike lipid membranes and protein coated liquid
interfaces, whose thickness 2 (1-5 nm) is typically 2-3
orders of magnitude smaller than Ag (1-10 wm) and
they can be treated as a continuum, the colloidal mono-
layers are not a continuum, the individual spheres feeling a
local surface viscosity different from its macroscopic
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TABLE L.

Silica sphere samples used and their properties obtained from the experiment:

particle diameter d, friction coefficients k¥’ and k), Debye screening length Aj,, maximum area
fraction of random packing n,, and intrinsic viscosity [7].

Sample: Manufacturer

d (um) kO

S1: Duke Scientific
S2: Bangs Lab
S3: Duke Scientific

1.57 = 0.06 16.0
0.83 = 0.05 15.2
0.73 = 0.04 16.0

KD Ap (um) . [n]

0.6 0.4 +0.1 0.53 2.1*0.1
0.7 0.4 +=0.1 0.38 2.6 0.1
0.6 0.4 +=0.1 0.33 3.1 0.1

counterpart [31,32], and their film thickness, as measured
by the particle radius a, is of the same order as Ag.

In this Letter, we report a systematic study of the corre-
lated motion in a colloidal monolayer made of uniform
silica spheres and dispersed at a water-air interface. It is
found that for small lag time 7, the measured C,,(r, 7) and
Cyy(r, 7) are both linear functions of 7 and we obtain the
parallel and perpendicular diffusion coefficients, D(r) =
C../27and D | (r) = Cyy/27, respectively. The two diffu-
sion coefficients are found to have the universal scaling
forms, Dy(r/rg) and D) (r/ry), for all samples with
different concentrations, where

rog = a(ﬁf/2 (2)

a

is a new scaling length characterizing the crossover
behavior of the colloidal monolayers. In the above, Ag =
nﬁz) /M, with nﬁz) being the surface viscosity felt by a pair
of particles, as defined in two-particle rheology [17,20].

Three colloidal samples (S1, S2, and S3) of different
sizes are used in the experiment. These samples have been
carefully characterized previously [33] and their properties
are summarized in Table I. The silica spheres are dispersed
at the water-air interface following the same procedures
as described in [9]. Using the estimated contact angle of
60° [34], we find that approximately 3/4 of the silica
particle (by diameter) is immersed in water. The silica
spheres are negatively charged and their interaction poten-
tial U(r) can be well described by the screened Coulomb
potential [33]. The values of the Debye screening length
Ap are given in Table I. The sample cell is viewed under an
inverted microscope, and a particle tracking program is
used to determine the particle trajectories [35].

Figure 1(a) shows the measured diffusion coefficients
D) and D as afunction of r for sample S1 at different area
fractions n occupied by the interfacial particles. In the plot,
D) and D are normalized by the Stokes-Einstein value
Dy = kgT/(67m,a), where 7, is the viscosity of water,
and r is normalized by d. For small values of n, the
measured D) and D, show some scatter because fewer
particles are available in each image for averaging. To
further improve the statistics, we averaged the measured
D) and D over a narrow range of n as indicated by the
legends in Fig. 1. The inset shows an example of 26
unaveraged D’s and D ’s in the range n = 0.03 = 0.02.

It is seen from Fig. 1 that the magnitude of Dy and D,
increases with n, and they decay with r slower for larger
values of n.

Over a finite range of r, the measured D and D can be
well described by the power laws: D o« r Pl and D «
r~ AL (not shown). This is an approximate way to describe
how fast D) (and D | ) decays with r. Figure 1(b) shows the
fitted values of 8| and B, as a function of n for S1. As
mentioned above, D and D, are expected to depend
logarithmically on r for large surface viscosity 7, and
become a power-law dependence with 8 =1 and B =
2, respectively, for small enough 7, [28,29,36,37]. Thus, a
smaller B (or B ) reflects a larger 7. In the concentration
range 0.03 =n = 0.35, we find the fitted value of B
decreases from 0.89 to 0.67 and B, decreases from 1.5
to 1.1, indicating that 7, indeed increases with n. This
analysis also suggests that the colloidal monolayer in this

2
D—|
]
=
o ® n=0075:0.025
n=0.1210.02
5[ v re0t82001
107 F = n=020:001
< 1=0.35:001
10°
1.5 T
A
55, (b)
2
2
)
. 10 1
L=}
¢ o 5 5
o o]
0.5 L
0.0 0.2 04
n

FIG. 1 (color online). (a) Measured D)/D, (solid symbols)
and D, /D, (open symbols) as a function of r/d. The measure-
ments are made for S1 at different values of n, which are color
coded. Inset shows 26 unaveraged D /Dy’s and D /Dy’s in the
concentration range n = 0.03 = 0.02 (see text). (b) Fitted values
of B (open circles) and B (open triangles) as a function of area
fraction n for S1. The error bars show the standard deviations of
the fit.
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concentration range is in the crossover regime far from the
two limiting cases as discussed above. Similar trends in D)
and D, were also observed for a protein-coated liquid
interface [17].

Figure 2(a) shows that all the measured D) and D at
different n can be superposed onto a single master curve,
once D) (and D) is scaled by a single-particle self-
diffusion coefficient D’(n) and r is scaled by an adjustable
parameter r,, whose physical meaning will be discussed
below. Here D’(n) is a directly measured quantity [38] and
is linked to the single-particle surface viscosity nﬁl)(n) via
D'(n) = kgT/ [k(l)ngl)(n)], as defined in one-particle
rheology [17,20]. Using this equation, one then obtains
ngl)(n). In the above, k) is a known coefficient which
only depends on the relative position z/d of the particle at
the interface and is independent of n [19]. The values of
k™ are given in Table I.

Once D(n) is determined, ry is the only adjustable
parameter used to collapse the data for each value of n.
In the scaling plots, the measured Dy and D at large n fall
on the left-hand side of the master curves. This is expected
because the large-n sample has a higher surface viscosity,
which gives rise to a stronger correlation and a weaker r
dependence [17,22,30]. It is also found that the obtained
master curve for different particle samples can be
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FIG. 2 (color online). (a) Log-log plot of Dy/D) (solid sym-
bols) and D, /D’ (open symbols) as a function of r/ry for S1
with different values of n. The data and symbols used are the
same as those shown in Fig. 1(a). (b) Log-log plots of
Dy /(kVD}) (solid symbols) and D, /(k'V'D}) (open symbols)
as a function of r/r, for S1 (black symbols), S2 (red symbols),
and S3 (green symbols). Inset shows the n dependence of the
obtained r for the three samples. Lines are drawn to guide
the eye.

superposed onto a single curve, once the vertical variable
is further normalized by &V, as shown in Fig. 2(b). In this
way, the particle size effect is eliminated [38].

The inset of Fig. 2(b) shows the n dependence of the
obtained r for the three colloidal samples. It is found that
the scaling length r, varies with both »n and d. It should be
noted that ry is determined from the scaling plot only up to
a common multiplicative factor I'. An extra condition is
needed to determine the absolute value of I' (and hence ry).
As shown in Eq. (2), ry is directly linked to the two-particle
surface viscosity n_(yz)(n). We therefore impose a physical
constraint on n(sz)(n), namely, nﬁz)(n) =0 when n— 0.
This condition allows one to have a unique set of r, for
different values of n, once a relationship between r; and
77§2) is determined.

For protein-coated liquid interfaces, the Saffman
length Ay = nﬁz) /m, was used to scale the measured
Dy(r/As)/D(n) and D (r/Ag)/Di(n) [17,22,30]. This
method of extracting ngz)(n) from the obtained Ag(n),
however, does not work for the colloidal monolayers. As
shown in Fig. 1 in [38], the obtained 779) is not even a
linear function of ngl); instead, it approximately follows
the power law, n ~ (n{")*/2. Furthermore, Fig. 2(a)
revealed that the obtained Dy/D{(n) and D, /D/(n) for
the colloidal monolayers decay with r slower than the
theoretical predictions [17,30].

These observations prompt us to consider a new scaling
relation as shown in Eq. (2). Here we have explicitly
introduced a particle size dependence in r. Figure 3 shows
a comparison between 1;22) obtained by using Eq. (2) and
ngl) for the three colloidal samples. In the low concentra-
tion regime, we find n@ ~ ngl). Only at the high-n end
(n = 0.3), the obtained nﬁz) becomes slightly larger than
nﬁl). In this case, the colloidal monolayer begins to show
the heterogeneity (crowding) effect and two-particle
rheology gives results different from those obtained by
one-particle rheology [17,20]. As expected, Fig. 3 reveals
that n) = n{" = 0 at the n = 0 limit.
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FIG. 3 (color online). Comparison between the obtained 17&2 )

using Eq. (2) and n(sl) for S1 (black squares), S2 (red circles),

and S3 (green triangles). The solid line indicates nﬁz) = 17.(;1).
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FIG. 4 (color online). Obtained nﬂz) using Eq. (2) as a function
of n for S1 (black squares), S2 (red circles), and S3 (green
triangles). The solid line is a fit of Eq. (3) to the red circles.

Figure 4 shows the obtained 1;§.2) from Eq. (2) as a
function of n for the three colloidal samples. All the
data points with different particle sizes superpose onto
a single curve. The solid line shows a fit using the
Krieger-Dougherty equation [39],

n \~[nln,
o =a?[(1-2) 1] o)

where 7 = 7,ak©/kV is the equivalent surface viscos-
ity experienced by a single particle at the dilute limit, and
k9 is a known coefficient [38]. In the above, n, =
0.84(d/d*)? is the maximum area fraction of random pack-
ing, where d* = d + Ap [33] with A, being the Debye
screening length. For a hard sphere system, d* = d and one
has n,, = 0.84 [40,41]. The exponent [n] (also called in-
trinsic viscosity) is the only fitting parameter. The data are
well described by Eq. (3) (solid line) and the fitted values
of [7n] are given in Table L.

Many analytical and numerical studies have been carried
out to calculate [#n]. The intrinsic viscosity for the hard
disks (or spheres) in a 2D (or 3D) suspension is 2 (or 5/2)
at the dilute limit [42,43], and is 5/3 for hard spheres half
immersed at a liquid-liquid interface [44]. For 3D suspen-
sions in the high concentration regime, a phenomenologi-
cal model gives a value around 3.1 (or 2.7) under a low (or
high) shear rate [45]. Table I reveals that the values of [7]
obtained in this experiment fall into the range of the
calculated values of [n]. In addition, the obtained [n] is
found to depend on d [38].

The experiment clearly demonstrates that the correlated
motion in the colloidal monolayers is well described by
the normalized longitudinal and transverse diffusion
coefficients, Dy (r/ro)=Dy/(kVD}) and D, (r/ry)=
D, /(kYD’), where ry is a new scaling length character-
izing the universal behavior of the correlated diffusion.
These two universal functions are invariant with the parti-
cle size once the particle radius a is included in the
definition of r as shown in Eq. (2) [46]. The new scaling
length ry can be understood in part by considering the
squeeze force, f, = &(r)U,, produced by an approaching

sphere of radius a with velocity U, toward another sphere
at separation r. The two-particle friction coefficient &;(r)
is directly linked to the longitudinal diffusion coefficient
via D(r) = kgT/ & (r) [25]. With the lubrication approxi-
mation for small r, one has &(8;p) = (3/2)mn,ala/d5p),
where 85p is the gap distance between the two spheres in
the 3D flow [47]. Similarly, the squeeze force between two
approaching circular disks of radius @ in a thin film of
thickness a and surface viscosity 7, = 7n,a has the same
expression with &(8,p) = (3/2)mnala/8,p)>?, where
O,p 1s the gap distance between the two disks in the quasi-
2D flow [48]. By equating the two squeeze forces [i.e., let
£1(83p) = &)(85p)], we find 83p = a(8,p/a)*/?, which is
the same equation as shown in Eq. (2).

This mapping of two-particle hydrodynamics in 3D to a
2D analogue thus provides an important insight into the
observed universal scaling of correlated diffusion in col-
loidal monolayers. While the hydrodynamic interactions
between the colloidal particles at the liquid interface are
intrinsically 3D, the continuum hydrodynamic theory for
molecular membranes can be extended to the colloidal
monolayers, so long as the relevant scaling length r( in
3D is used to replace the corresponding 2D scaling length
Ag via Eq. (2). In this way, one can obtain the surface

viscosity 779 of the colloidal monolayers from r,, and the
results of two-particle rheology are found to agree well
with those of one-particle rheology.

The discovery of the universal scaling functions
Dy(r/ry) and Dj(r/ry) reveals the relevant length
involved in the many-body hydrodynamic interactions
between the interfacial particles, which not only exchange
momentum among themselves but also with the subphase
liquid. The experiment provides a set of reliable data
against which further theoretical modeling can be devel-
oped. It is also relevant to a class of problems related to the
mobility and microrheology of interfacial particles in a
monolayer or membrane, such as lipid or protein-
associated domains in cell membranes [24-26].
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