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Analogies between colloidal sedimentation and turbulent convection at high Prandtl numbers
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A set of coarse-grained equations of motion is proposed to describe concentration and velocity fluctuations
in a dilute sedimenting suspension of nhon-Brownian particles. With these equations, colloidal sedimentation is
found to be analogous to turbulent convection at high Prandtl numbers. Using Kraichnan’s mixing-length
theory, scaling relations are obtained for the diffusive dissipation lefigttthe velocity variance?u, and the
concentration varianc%. The obtained scaling laws over varying particle radiuand volume fractionp,
are in excellent agreement with the recent experiment by Satgak [Phys. Rev. Lett79, 2574(1997].
[S1063-651%98)50912-9
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The study of the motions of small particles suspended in a To understand the basic principles governing the colloidal
fluid has always been an interesting subject in physics. Theedimentation, we consider a simple case of a dilute sedi-
dynamics of the particles is determined by the statisticamenting suspension of hard spheres in a long tube of radius
properties of the random forces resulting from interactiond-. To separate the velocity fluctuatiofu from the mean
between the particle and the surrounding fluid. Brownian dif-settling velocityv, we choose a uniform suspension with
fusion of small particles in a fluid at thermal equilibrium is =0 as our reference system. This can be achieved by using a
one of the classical and best understood examples. The m8uidized bed, in which the mean settling velocity is opposed
tion of particles in a nonequilibrium fluid, on the other hand,@nd canceled by a solvent velocity. It has been suggested
represents an anomalous diffusion process in which hydro[-7’10] that velocity fluctuations in a sedimenting suspension

dynamic dispersion coefficients might diverigd. Sedimen- may arise from fluctuations of the local particle concentra-
tation of heavy colloidal particles under gravity through ation. Therefore, we model the colloidal sedimentation with a

quiescent fluid is an example of such a process. The maiﬁoarse-grained Navier-Stokes equation. The fluid velaity

issue in colloidal sedimentation is to understand how hydrof’i.nd pressurdp at a poinix satisfy the creeping flow equa-
e : . tion [3,6]
dynamic interactions created by the motion of many sur-

rounding particles in the fluid affect a test particle’s mean

_ . . ~ . _ 2 —
sedimentation velocity and its variancesv at different par- Vp(x) = 7V =éu(x)=fén(x), @
ticle concentration$2]. Because the disturbance flow pro-

duced by a particle decays as”1/where/ is the radial where 7 is the viscosity of the fluid andn [=n(x)—n]
distance from the particle, simple theoretical calculati@js represents the fluctuation of the particle number demgiky
as well as computer simulatioié] have indicated that the about its meam. In the above,f=(4m/3)a’Apg is the

velocity variancedv might diverge with increasing sample buoyancy force acting on a particle of radias whereg is
sizeL. Experiments, however, find no dependenceofon the gravitational acceleration argp=p,,— ps is the density

L [5]. Several theoretical model4.6] have been proposed difference between the particle and_ the solvent. In writing
) . ] Eq. (1) we have assumed that the fluid volume elem®@nis
recently, aimed at resolving the divergence problem.

. N . a coarse-grained volume, which is large enough to contain
In a recent experiment, Seget al. [7] used the particle g 9 g

. . . . i many particles but is small enough such that the particle
imaging velocimetry technique to measure the spatial corr

) . g ) . distribution inside 8V is uniform. In this case, we have
lation function, C(/)=(v(r)dv(r+/)), of the velocity £5n(x) = A pgl b(X) — o], Whered(x) is the particle volume

fluct.uationév ina s.edimenting suspe.nsion of non-B_rownianfractiOn andéy, is its mean value. Note thalu in Eq. (1)
particles over a wide range of particle concentrations anqgpresents the velocity fluctuation of the solution, which in-
sample sizes. They found that the measud)~exp  cjydes both the particles and the solvent. In the coarse-
(=/1¢), where the velocity correlation lengthdepends on  grained sense, velocity fluctuations of the particles and the
the particle radius and \//olume fractionp, in a nontrivial  go|yent are statistically the same &s. Because local con-
power-law formé=ag, . In this Rapid Communication centration fluctuations are collective motions of the particles,

we propose a set of coarse-grained equations of motion tgq (1) is different from usual equations of motion for indi-
describe concentration and velocity fluctuations in colloidalyiqual particles.

sedimentation. With these equations we find that colloidal Nondimensionalizing Eq(1) with respect to the length,
Prandtl number turbulent convectidB8,9]. Our model ex-
plains the experimental results by Segteal., and also pro- 1
vides a coherent framework for the study of sedimentation T 2 _ 5

dynamics in different colloidal systems. aVﬁp(XHV du(x)=Ra ¢(x)2, 2
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where the unit vectog is directed upward opposite to the available at the moment for colloidal sedimentation, we be-
direction ofg, and §p has included a termy-Apgeyz, to  lieve that velocity and concentration fluctuations can be in-
absorb contributions from the constant forcing termduced by an instability due to the mean settling flow. Re-
—ApQgeg. In Eq. (2) the Rayleigh number is defined as  gions having more particles become heavier than the
3 average, and they can immediately induce velocity fluctua-
Ra=Apg¢ol.°/(7D), (3 tions in the direction parallel to gravity. Furthermore, Crow-
ley [14] has shown that such a flow is unstable against con-
centration fluctuations at least for a special case of a one-
fdimensional array of falling spheres. Batchektral. [13]
have studiedtransient “homogeneous buoyancy-generated
particle self-diffusion constanD =kgT/(677na), where tgrbulencrﬁl for cr?lllou:jal hsuspenS|on§ W'ﬂ;] finite par}uf:lle
kgT is the thermal energy. For large non-Brownian particles‘ts'ze.s' While Batc e.okr] s theory describes the cf!lecay o uc-f
however, the effect of thermal agitations is negligible and uations to states with average mean-square fluctuations o
their diffusionlike motion is produced by the hydrodynamic Zero ampht_ude, th_e mean-square density fluctuations are not
zero even in equilibrium and can serve as a source for con-

interactions between the particl¢s]. Nicolai et al. have tinued homoaeneous buovancy-generated turbulence. The
shown[5] that the hydrodynamic diffusivity has the form 9 us buoyancy-g 1 turbulence. 1
real mechanism for the generation of density fluctuations in

f—g = 2 1 -
Dy=5aUy, whereUo,=2a"Apg/(97) is the Stokes veloc sedimentation is not well understood, but is generally be-

ity. : C lieved to be the spontaneous number fluctuations in the col-
With the hydrodynamic diffusivitDs, Eq. (3) becomes loid suspension. A?n issue that remains to be resolved is that
3 the convection instability usually takes place first at the larg-
Ra= 0.9¢0(—) . (4)  est scale of the system, whereas the spontaneous number
a fluctuations occur at all length scales.

Nonuniform particle concentrations can also result from
shear-induced particle migration. Because of the hydrody-
namic interactions between three or more particles, non-
Brownian particles do not move along streamlines but in-
stead exhibit diffusionlike motions as they tumble around
each other. As a result, the particles in the high-shear region

whereD is an effective diffusion constant of the particles.
The Schmidt numbed is given byo = v/D with v being the

kinematic viscosity of the fluid. For a dilute suspension o
small colloidal particlesD is approximately equal to the

It should be mentioned that while it is canceled out in Ra,
Apg is needed so thdd,, can be used to describe the hydro-
dynamic diffusion of the settling particles at small length
scales. Equatiori2), together with the continuity equation
for an incompressible fluid

V.su=0 (5) will migrate to low-shear regions, because they have a higher
frequency of encounters with the surrounding high-shear par-
and the advective mass diffusion equation t|C|eS[1] Koh et al. [15] have shown that in a channel flow
the particle concentration becomes higher in the central re-
dp+(6u-V)p=V2¢, (6)  gion of the channel and reaches a steady profile, so that the

particle’s hydrodynamic diffusion toward the center, due to
complete the description of concentration and velocity flucthe gradient of the shear rate, is balanced by the hydrody-
tuations in colloidal sedimentation. Under the Boussinesgqamic diffusion away from the center, due to the gradient in
approximatiori11], small density changes of the fluid due to particle concentration. For particles settling in a quiescent
concentration fluctuations have been neglected in (Bgy. fluid, the downward volume flux of particles must be bal-
We notice that similar equations of motion have been usednced by an upward volume flux of the solvent. In a long
previously to describe several special problems in sedimereylindrical tube, this back flow of the solvent must have a
tation[12,13. parabolic velocity profile when the particle density and re-

It is evident that Eqs(2)—(6) are the same as those for sulting force density on the solvent {itially) uniform.
buoyancy-driven convectiof9,11]. Velocity and concentra- Thus, shear-induced particle migration is possible. Increas-
tion fluctuations in colloidal sedimentation are thereforeing particle densities in the tube center will favor downward
analogous to those in buoyancy-driven convection, and thegonvection in that region, so it is not at all clear how the
are completely controlled by the two dimensionless paramsystem resolves these opposite tendencies. A detailed stabil-
eters Ra andr, once the boundary conditions are specified.ity analysis of Eqs(2)—(6), including hydrodynamic diffu-

In a typical convection experiment, a constant temperatursion [in Eq. (6)], should be done. Experimentally, the
(or concentrationdifference is usually maintained across asediment-supernatant interface is observed to be flat. If the
fluid layer of thicknesd.. It is this large-scale temperature sedimentation instability is induced by an unstable concen-
gradient that drives the convective flow. A finite critical tration profile ¢(r), it becomes natural that Ra scales with
value Ra (=2000) is required for the onset of the convec- ¢, becausep(r) is proportional to¢,. Clearly, this insta-
tion instability with a vertical temperature gradient, but;Ra bility is fed by the potential energy of the settling particles.
=0 for thermal convection in a vertical slot heated from theTo verify the mechanism for the sedimentation instability,
side[11]. In the latter case, the fluid is absolutely unstable toone needs to measure the concentration profile of a settling
temperature or concentration perturbations. suspension of non-Brownian particles at low Ra.

In most sedimentation experiments, however, no large- In the discussion below, we will assume that such an in-
scale concentration gradient is imposed upon the sample. listability exists in colloidal sedimentation at low Ra, and fo-
stead, a constant flux of particlésr solvenj is maintained cus our attention on velocity and concentration fluctuations
throughout the bulk region. While no stability analysis isat high Ra far beyond Ra Recent studies of Rayleigh-
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Benard convection have demonstraf€] that high-Ra tur- we use Kraichnan’s theory to calculate small-scale properties
bulent convection does not depend on details of the instabilef concentration and velocity fluctuations in colloidal sedi-
ity at low Ra. As will be shown below, turbulent convection mentation.

is characterized by the emergence of new length scales in the We first discuss the lengthhy, above which velocities
velocity and concentration fields. We now estimate typicalbecome large and concentration fluctuations are transported
values of Ra andr in colloidal sedimentation. In the experi- by convection. This occurs when the localcRg number

ment by Segreetal. [7], the particle’s radiusa=8 um,  pe=5u//D,, becomes larger than PeRecent thermal con-
Stokes velocityU,=6.5 um/s, volume fractiongo=0.05,  vection experiments have shoWas8] that while turbulent
and the characteristic sample size-1 cm. With these ex- mixing creates, on average, an isothermal fluid in the turbu-
perimental values we find,=2.6x10"° cn/s, Ra=8.8  |ent bulk region, large temperature fluctuations still remain in
X107, ando=3800. The Schmidt numberis equivalentto the region and the characteristic length scale associated with
the Prandtl number in thermal convection. Colloidal sedi-these fluctuations is of the order 8§. Therefore, the veloc-

mentation is therefore associated with high Rayleigh numity correlation length¢ is determined bys, in region (ii).

ber, hlgh Prandtl number turbulent convection. According to Kraichnan'’s theorm], we have
To understand the sedimentation dynamics, it is helpful to
distinguish two characteristic length scales in convection: the 8q=(27 P&)YL Ra 17, (7

viscous dissipation lengtld, and the diffusive dissipation ) ) )
length 55. The values ofs, and 5 are determined, respec- Where the power law amplitude is expressed in terms of the

: o oy numerical value of Re Priestley first explained why
tively, by. '.{he transition Reynol(iinumberﬁmuih_/ and scales with RH® [19]. He argued that when Ra is large
the transition Pelet number Pe= 5us4/D;,. Hereu is the

. . enough,dy4 should be a new length scale independent of
rms value of the velocity fluctuatiodu averaged over a vol- gh.od g P

) ) With Egs. (7) and (4), we immediately have&~ &y
ume of &, (or &)). It is the ratios of these lengths to each _; Ra P=ap; Y3, The mapping of colloidal sedimenta-
other and to the sample sitethat determine the flow state ., 14 tyrhulent convection, therefore, explains the experi-
of the systen{8]. For high-Ra, highs turbulent convection, mental finding thatgzlla¢>51’3 [20]. It also provides a

one anticipates that the flow consists of three different re- o X ; :
gions:(i) a< /<8y, (i) 84</ <3, , and(iii) 84</<L. In physical interpretation for the existence of a velocity cutoff

region (i), molecular viscosity and hydrodynamic diffusivity length, which prevents hydrodynamic dispersion coefficients

! from being divergent.
determine the momentum and mass transport processes, re- ) ) o~ )
We now discuss the velocity variancgu in colloidal

spectively, and hence the particle distribution remains uni- " : ; 4 X
form without any large fluctuations. In regidii), turbulent ~ Sedimentation. According to Kraichnan’s thed8,

(or eddy diffusivity and molecular viscosity are dominant,

. . . . ~ PeD, Pe.Dy,
and thus large fluctuations in particle concentration are ex- Su= = 5 T —. )
pected but the velocity field remains relatively smooth. Fi- 6s  (2m* P&)™L Ra

nally, in region(iii ), turbulent diffusivity and viscosity both . .
dominate over the corresponding hydrodynamic and molecJ—Equat'on(g) states that at the tran_smo_n cEPet ”“ﬂber P‘g
lar processes. In this case, one expects to see large flucti®® mass flux due to hydrodynamic diffusidby,é¢/ g, is
tions both in particle concentration and in velocity at differ- approximately equal to that by convectiofyd¢. Because
ent length scales. For most colloidal suspensions, howevetidzaqsgl’3 and D,=aU,, we find from Eg. (8) that

their sedimentation velocity is so small that regi@) may 5, ~5u~D, /54~U,$%3, which is independent of the

fr;o_tde_xis(;(i.e_., 5d?;3)' IE this IcaS'T’ the bulk regign hOf Ithe Isample sizé.. This result agrees well with the experimental
uld is dominated by the molecular viscosity and the localg thatév =2U 3" [7]. Another important quantity in

Reynolds number Re( = ou//v is smaller than Reevery- colloidal sedimentation is the concentration variants.

where. Note that Re() <Re. does not imply the absence of ) s . X
turbulence. When Rg is Igcrge, strong c?)r):centration quctuae-KLa'_ChnanS theory[8] predicts tha the. typlcall value qf
tions (and hence large buoyancy for¢esan still drive the o¢ is of the order ofp,. Because the sedlmNJentatlon velocity
system into a state of chaotic motion. is determined by the particle concentratid®= ¢, implies
Convective turbulence in regidiii) is different from that sy ~%. This explains another important experimental ob-
in region (iii), which can be realized in many low Prandtl servation that velocity fluctuations in colloidal sedimen-
number fluids, and has been intensively studied in recertation are of the same order as the mean settling velocity
years[9]. Many temperaturgl6] and velocity{17] measure-  [5,21].
ments have been carried out in turbulent bulk regions and As shown in Egs.7) and (8), Kraichnan’s theory not
near viscous and thermal boundary layers. In contrast to thenly predicts definite values of the scaling exponents, but
great number of lows experiments, experimental informa- also provides a rough estimate for the amplitude of the
tion about highe turbulent convection is limited. Many power laws. These amplitudes are expressed in terms of
years ago, Kraichnaf8] proposed a mixing-length theory the numerical value of Re which is independent of any
for turbulent convection at arbitrary Prandtl numbers. Fordynamic variables in the problem. Indeed, from the defini-
high-o turbulent convection in regiofii), he obtained scal- tion of Pe and the measured values Bf,, ¢, and%, .

ing relations for the temperature variané& (or, equiva-  fnq PQ:%§/Dh24.4, which is a constant independent of

lently, the concentration variana®p), the velocity variance ¢, anda. Recently, Goldstein and Chiafig2] have carried
éu, and the diffusive dissipation leng#y . In the following  out a convection experiment with=2750. From their trans-
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port data one finds Re4.7, which is in good agreement Své, is less sensitive to the direction of sedimentati@h

with the sedimentation value. Using Eq9) and (8), to-  The measured,, is anisotropic because it couples to the
gether with the measured value of .Pel.4, we obtaind; ~ mean sedimentation velocity,. Turbulent convection, on
~7.5a¢, ® and du=2.9U,p3°. This calculation demon- the other hand, is expected to be isotropic because there is no

0 : . : f
strates that our model is even capable of predicting corredreferred direction in the large scale motion.

values of the power-law amplitudes. In the above calcula- \yg thank P. M. Chaikin for useful discussions. This work
tion, we used the measured valueséf, & andD,, in the  was supported by the National Aeronautics and Space Ad-
direction parallel to gravity. We notice that the measuredministration under Grant No. NAG3-1852. In addition, P.
hydrodynamic diffusivity,Dy,, changes with the direction Tong was also supported in part by the National Science
relative to gravity[5], whereas the convective diffusivity, Foundation under Grant No. DMR-9623612.
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