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Intermittency of velocity fluctuations in turbulent thermal convection
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We analyze velocity fluctuations in turbulent Rayleigh-Be´nard convection. The velocity measurements were
taken at the center of an aspect-ratio-one convection cell filled with water. The measured probability density
functions of the velocity difference over a time intervalt are found to change witht, indicating that the
velocity fluctuations are intermittent. The velocity intermittency can be well characterized by the She-Leveque
hierarchical structure. Our analyses further show that the vertical velocity component has distinct statistical
features from the horizontal components. This result indicates that the vertical direction is special and buoy-
ancy is important even at the center of the convection cell.
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I. INTRODUCTION

Rayleigh-Bénard convection in an enclosed cell of flu
has been a model system for studying turbulence. The
namics of the fluid is driven by an applied temperature d
ference across the height of the cell. The flow state is c
acterized by the geometry of the cell and two dimensionl
numbers: the Rayleigh number Ra5agDL3/(nk) and the
Prandtl number Pr5n/k, whereD is the applied temperatur
difference,L is the height of the cell,g is the acceleration
due to gravity, anda, n, andk are, respectively, the volum
expansion coefficient, kinematic viscosity, and thermal dif
sivity of the fluid. When Ra is sufficiently large, convectio
becomes turbulent, and both the velocity and the tempera
fields exhibit complex fluctuations both in time and in spa
As in the study of other turbulent flows, a major issue is
make sense of these fluctuations. Another issue of inte
specific to turbulent thermal convection is to understand
interplay between the velocity and temperature fields du
buoyancy. This is also pertinent to the questions of whet
and how the statistical features of turbulence are affected
the presence of buoyancy. Usinga, g and the average energ
and temperature dissipation rates,e andx, one can construc
a length scale known as the Bolgiano scale@1# l B
[e5/4/@x3/4(ag)3/2#. Wheng→0, l B→`. Buoyancy effects
are thus expected to be important in the Bolgiano regime
length scales larger thanl B .

For flows in which buoyancy is not driving the dynamic
Kolmogorov’s 1941 theory@2# predicted that the velocity
structure functionŝ udv r up&[^uv(xW1rW)2v(xW )up& scale as
r p/3 when r[urWu is within the inertial range. Experimenta
measurements confirm the power-law behavior but indica
nonlinear dependence of the scaling exponents onp. This
deviation indicates that the velocity field has scale-depend
statistics, that is, the shape of the probability density funct
~PDF! of dv r depends onr, and is intermittent. Extensive
efforts have been devoted to understanding the intermit
nature of turbulence. Kolmogorov’s refined similarity h
pothesis~RSH! @3# attributed the intermittency of velocity
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fluctuations to spatial variations of the energy dissipat
rate. She and Leveque@4# proposed a hierarchical structur
for the moments of the local energy dissipation rate, wh
translates to a similar hierarchical structure for the veloc
structure functions using RSH. This hypothesis for both
local energy dissipation rate and the velocity structure fu
tions was supported by the velocity measurements take
turbulent jets and wake@5–7#. It was also reported that th
velocity structure functions in a class of shell models@8–10#,
the structure functions of a passive scalar@11#, and the local
passive scalar dissipation@12# all possess similar hierarchica
structures.

In the study of turbulent Rayleigh-Be´nard convection,
many measurements of the local temperature fluctuat
have been taken and analyzed. The temperature fluctua
were found to be intermittent@13#. Recently, a change in th
scaling behavior of the normalized temperature struct
functions was found@14# when the Bolgiano scale is crosse
indicating that buoyancy does affect the statistical charac
istics of the temperature fluctuations. It was further fou
@15# that the intermittency of the temperature fluctuations
the Bolgiano regime can be attributed solely to the variatio
of the locally averaged temperature dissipation rate. Tha
the temperature fluctuations conditioned at a given fix
value of the local temperature dissipation rate beco
Gaussian and thus scale independent. Moreover, both
temperature structure functions@14# and the local tempera
ture dissipation rate@16# were found to satisfy the She
Leveque hierarchy.

On the other hand, velocity fluctuations in turbulent co
vection are much less studied. Recently, two of us~Qiu and
Tong! have carried out direct velocity measurements in t
bulent convection using the technique of laser Doppler
locimetry ~LDV ! @17,18#. The experiment was conducted
a cylindrical cell filled with water. The inner diameter of th
cell is D519 cm and its height isL520.4 cm. In this paper,
we report our analyses of the velocity time series data m
sured at the center of the convection cell. We concentrate
the measurements at the cell center because it is comm
believed that the turbulent convection in the central region
©2003 The American Physical Society07-1
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approximately homogeneous and isotropic. Results at a
cific Ra, 3.73109, will be discussed for the purpose.

In particular, we address two questions. First, are velo
statistics in turbulent convection different from those
flows in which buoyancy is not driven by dynamics? Seco
is buoyancy important in the central region where there is
mean temperature gradient? We first investigate whether
velocity fluctuations are intermittent. We shall see in Sec
that the answer is affirmative. Then, we proceed to cha
terize the intermittency of the velocity fluctuations in Se
III. Specifically, we check whether the She-Leveque hier
chy is also a good description for the velocity fluctuations
turbulent convection. We shall also see that the answer is
but the value of the parameterb is different from that re-
ported for flows not driven by buoyancy. In Sec. IV, we sho
that the vertical component has distinct features from
other two horizontal components and discuss our interpr
tion that this result indicates that buoyancy is important
the central region. Finally, the work is summarized in Sec

II. PROBABILITY DENSITY FUNCTIONS OF THE
VELOCITY DIFFERENCE

We study the PDFs of the velocity difference over a tim
intervalt, vt[v(t1t)2v(t), for the three velocity compo
nents, denoted asx, y, andz components. Thez direction is
the vertical direction, thex direction is defined by the direc
tion of the mean large-scale flow observed near the bot
plate, and they direction is fixed by the requirement that th
x, y, andz axes form a right-handed coordinate system. O
aim is to investigate whether the shape of the PDF ofvt
changes witht. For this purpose, we evaluate the PDFs
the standardized velocity difference,Xt[vt /^vt

2&1/2 for dif-
ferent values oft.

It is known that LDV has sampling bias towards high
velocity measurements@19#. To correct this bias, we use th
minimum transit time of the two measurements,v(t) and
v(t1t), as a weight when calculating the statistics ofvt . As
a result, the probability ofvt having a value betweenx and
x1dx is estimated by the sum of the minimum transit tim
of thosevt’s with values in the same interval (x,x1dx),
divided by the total sum of the minimum transit times of
vt’s.

Before presenting the results, let us first discuss so
important time scales of the problem. Well-defined oscil
tions have been observed in the two horizontal velocity co
ponents @17# with an oscillation period t0 scaled as
L2/(kt0)50.2 Ra0.46 @20#. For Ra53.73109, we havet0
555 s. We associate this oscillation timet0 with the cell
height L and define the time scaletB corresponding to the
Bolgiano scalel B by tB[t0l B /L @14#. In the definition of
l B , the average energy and temperature dissipation rate
andx were used. As a result,l B can be written@21# in terms
of Ra, Pr,L, and the Nusselt number~Nu! which is the heat
flux normalized by that when there was only conductio
Thus, we have

tB5t0

Nu1/2

~Ra Pr!1/4
, ~1!
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which is easily evaluated using the measured values of
Pr, Nu, andt0. For Ra53.73109, Nu5101, and Pr55.4,
we havetB'1.5 s. One can define a local version of t
Bolgiano scale using instead the locally averaged energy
temperature dissipation rates. For example, using the en
and temperature dissipation rates averaged over a plane
given height of the cell, az-dependent Bolgiano scaleLB(z)
can be defined@22#. One expects thatl B'LB(z) whenz is in
the central region of the convection cell. The inverse of
cutoff frequency in the measured velocity power spectra@17#
is t* '1 s. This sets the smallest time scale of interest
the velocity measurements. Note thattB is close tot* , and
hence, only the Bolgiano regime can be probed with this
of velocity measurements.

In Fig. 1, we show the PDFs,Pt(Xt), for the
x-component velocity. It is seen thatPt deviates from a
Gaussian for smallt (t't* ) and approaches a Gaussian
t increases. Thus, the functional form of the PDF change
t increases. Hence, the fluctuations of thex-component ve-
locity have scale-dependent statistics and are intermitten

Similarly, we showPt(Xt) for the y- and z-component
velocities in Figs. 2 and 3, respectively. Again the PD
changes its functional form ast changes and approaches
Gaussian whent approachest0. Therefore, they andz ve-
locity components are also intermittent. Comparing Fi
1–3, one finds that the change is more apparent for the
tical component than for the two horizontal components.
shall return to this in Sec. III.

III. CHARACTERIZATION OF THE VELOCITY
INTERMITTENCY

We are interested in characterizing the velocity interm
tency found in Sec. II. Specifically, we would like to chec
whether the She-Leveque hierarchical structure@4# is a good
description for the velocity intermittency in turbulent therm
convection. For the velocity structure functions~in the time
domain!, Sp(t)[^uvtup&, the hierarchical structure reads

FIG. 1. Measured probability density functionsPt(Xt) of the
standardized velocity differenceXt for the x component velocity.
t51 s~dotted line!, t53.2 s~solid line!, andt526 s~circles!. The
dashed line is a standard Gaussian distribution.
7-2
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Sp12~t!

Sp11~t!
5ApFSp11~t!

Sp~t! Gb

@S(`)~t!#12b, ~2!

where 0,b,1, Ap are constants independent oft and

S(`)~t![ lim
p→`

Sp11~t!

Sp~t!
. ~3!

If the PDF ofvt is finite and is zero beyond a certain valu
one can show thatS(`)(t) is equal to the maximum value o
uvtu. Thus, for flows in which the velocity components a
bounded,S(`)(t) exists, and is associated with the most
tense structures of the flow. SupposeS(`)(t) scales witht as
S(`)(t);tb andSp(t);tzp, then Eq.~2! implies

zp5a~12bp!1bp, ~4!

FIG. 2. Pt(Xt) for they-component velocity. Here,t51 s ~dot-
ted line!, t53.2 s ~solid line!, and t550 s ~circles!. The dashed
line is a standard Gaussian distribution.

FIG. 3. Pt(Xt) for thez-component velocity. Here,t51 s ~dot-
ted line!, t55 s ~solid line!, andt550 s~circles!. The dashed line
is a standard Gaussian distribution.
02630
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for some constanta. If b→1, Eq.~4! giveszp→bp and we
have zp proportional top, as predicted by Kolmogorov’s
1941 theory. Thus,b can be taken as a measure of the deg
of intermittency: the moreb deviates from 1, that is, the
smallerb is ~sinceb is between 0 and 1!, the more intermit-
tent the fluctuation is.

It has been found@23# that the She-Leveque hierarchic
structure is a special form of the general extended s
similarity ~GESS! @24#. Thus, we first check whether GES
holds, that is, whether there exists relative scaling betw
the normalized structure functions:

Tp~t![
Sp~t!

@S1~t!#p
. ~5!

In Fig. 4, we plotTp(t) vs T2(t) for t* <t<t0 in a
log-log scale for the three velocity components. The d
points can be well fitted by a straight line indicating a go
relative scaling. Thus, all the three velocity components h
GESS, which holds in the whole range oft for the vertical
component but is restricted to a shorter extent~see Fig. 4! for
the two horizontal components due to the oscillations.

We then follow the procedure developed in Ref.@23# to
check whether this GESS is of the She-Leveque form. T
first step is to find the relative scaling exponentsr(p), de-
fined by

Tp~t!;@T2~t!#r(p), ~6!

and studyDr(p)[r(p11)2r(p). If Eq. ~2! holds, then
one can show that

Dr~p11!5bDr~p!11. ~7!

The second step is to plotDr(p11) vsDr(p) and check
whether the data points can be fitted by a straight line
intercept 1. In Fig. 5, we show such plots for the three v
locity components. It is seen that straight lines with interc
1 can indeed fit all three sets of data. Hence, we concl
that the She-Leveque hierarchical structure is a good des
tion for all three velocity components. The value ofb is
given by the slope of the fitted straight line. We find a
interesting result that the data for the two horizontal com
nents can be well fitted by the same straight line with
same value ofb50.7960.03. On the other hand, we fin
b50.6660.02 for the vertical velocity component. Thes
values ofb are smaller than the value of 0.87@4,7# for ve-
locity fluctuations in turbulent flows in which buoyancy
not driving the dynamics. Thus, velocity fluctuations in tu
bulent convection are generally more intermittent.

IV. COMPARISON OF THE STATISTICAL FEATURES OF
THE THREE VELOCITY COMPONENTS

In the preceding section, We have shown that the vert
velocity component has a smaller value ofb than the two
horizontal components have and thus has more intermit
fluctuations. This is consistent with our observation in Sec
that the change of the PDFPt(Xt) with t is more apparent
for the vertical velocity component. Figure 5 thus sugge
7-3
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FIG. 4. Tp(t) vs T2(t) for ~a! thex-component velocity withp51.5, ~b! they-component velocity withp52.5, and~c! thez-component
velocity with p53. The solid line is the best linear fit for the region that can be fitted by a straight line and extrapolated to the whole
of t to show the extent of the GESS range.
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that the vertical component is distinct from the two horizo
tal velocity components.

We shall further explore this issue by studying the beh
ior of S(`)(t) for the three velocity components. We follo

FIG. 5. Dr(p11) vs Dr(p) for the x-component~circles!,
y-component~squares!, andz-component~triangles! velocities.
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the method described in Ref.@23# to get an indirect estimate
of S(`)(t). First, we defineFp(t) by

Fp~t!5
log10@Sp~t!/Sp~t* !#2 f ~p!log10@S1~t!/S1~t* !#

p2 f ~p!
,

~8!

where f (p)5(12bp)/(12b). From Eq.~2!, Fp(t) should
be independent ofp and equal to log10@S(`)(t)/S(`)(t* )#.
Figure 6 showsFp(t) for the three components. The data f
each component collapse whenp is large as expected. Osci
lations reported in the two horizontal components ag
show up inFp(t). For the z component,Fp(t) becomes
approximately independent oft whent>5 s. On the other
hand, for the horizontal componentsFp(t) exhibits a cleart
dependence. Thus,S(`)(t) depends ont for the horizontal
components but is consistent with beingt independent for
the vertical velocity component whent>5 s. This result
suggests that the most intense structures associated wit
vertical velocity are shocklike@23#. A further consequence o
this result is the saturation ofzp for the vertical velocity
7-4
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structure functions asp→` @see Eq.~4!#. Hence, the vertica
component again shows distinct statistical features from
two horizontal velocity components.

Our analyses reveal that the vertical direction is spe
even at the cell center. On the one hand, this result is
accord with the presence of buoyancy, which drives the fl
dynamics in turbulent thermal convection. On the oth
hand, because the mean temperature gradient vanishes
central region of the convection cell, it is commonly believ
that buoyancy does not play a role there, and this resul
therefore, not totally expected. When buoyancy becomes
portant, one expects that hot fluid rises and cold fluid fa
and hence a positive correlation between the vertical velo
and temperature fluctuations is produced. The correlation
tweenvt and Tt[T(t1t)2T(t) has been recently studie
and reported in Ref.@25#. Indeed a positive correlation i
found for the vertical velocity component whent>tB , and
only a weak correlation for the two horizontal components
observed throughout the whole range oft @25#. This result
thus suggests that buoyancy is important even at the ce
of the cell, which reinforces the present finding that the v
tical direction is special even at the cell center and that

FIG. 6. Fp(t) with p51.5, 2, 2.5, and 3 for thex-component,
y-component, andz-component velocities~from top to bottom!. The
data for they andz components are shifted downwards by 0.15 a
0.25, respectively, for clarity.
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vertical velocity component is distinct from the horizont
velocity components. The positive correlation between
vertical velocity and temperature differences also sugg
that there are plumes passing through the central reg
These plumes will likely cause the vertical velocity fluctu
tions to be more intermittent than the horizontal veloc
fluctuations as found in Sec. III.

V. SUMMARY

We have carried out a systematic study of the statist
properties of velocity fluctuations in turbulent thermal co
vection. We focused on the velocity measurements take
the center of the convection cell. It is first established t
fluctuations of all the three velocity components have sca
dependent statistics and are thus intermittent. It is found
the velocity intermittency in turbulent thermal convectio
can be well described by the She-Leveque hierarchical st
ture. Our analyses show that the velocity fluctuations in t
bulent thermal convection are generally more intermitt
than those in turbulent flows that are not driven by buoyan
Finally, our analyses reveal that the vertical direction is s
cial even at the center of the cell. This is reflected by
finding that the vertical component has distinct features fr
the two horizontal components. First, the vertical compon
has a smaller value ofb and thus has more intermittent fluc
tuations. Second, the most intense structures associated
the vertical component are shocklike and the scaling ex
nentszp of the vertical velocity structure function saturate
p→`. Together with the finding of a positive correlatio
between the vertical velocity and temperature differen
@25#, this result indicates that buoyancy is important even
the central region of the cell where there is no mean te
perature gradient.
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